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I. Introduction

T HE application of mobile vehicles for military and commercial
purposes has increased dramatically in recent years. To mini-

mize human interaction, these vehiclesmust be able to execute robust
and efficient obstacle detection and avoidance using onboard mea-
surements. Inertial measurement units augmented with GPS have
traditionally been used for onboard sensing in a wide variety of mis-
sions. The reliance of GPS on low-power radio signals from Earth-
orbiting satellites makes it vulnerable to intentional (e.g., jamming)
or unintentional (e.g., electrical) interference that can degrade system
performance [1]. Alternatively, vision-based sensors are being used
as they are low cost, light weight, and passive. Vision-based sensors
require a robust estimation scheme. The extended Kalman filter
(EKF) has been used widely for this purpose [2–7]. Application of
the EKF requires linearization about the desired trajectory and is very
sensitive to initial errors [8–10]. Improvements of EKF performance
with application to obstacle avoidance have been reported in [8,9,11]
by using unscented Kalman filters and sigma-point Kalman filters.
However, convergence guarantees for the parameter and range esti-
mation cannot be deduced from application of the EKF or its
variations.

In this paper, we augment a baseline path-following controller
with an online obstacle-avoidance algorithm such that the robot
tracks a prespecified path and avoids isolated obstacles using only
visual information collected from an onboard camera. The non-
holonomic vehicle is a unicycle type that has two identical parallel,
nondeformable rear wheels and a steering front wheel. A path-
following controller is implemented that allows for global conver-

gence results [12–14]. The obstacle-avoidance algorithm uses a
potential function that yields larger values for paths that are close to
obstacles and lower values for paths that are far fromobstacles. In this
sense, obstacles represent local maximums for the potential function
and act as a “repellent force” on the prespecified path. The obstacle-
avoidance scheme deforms the desired path away from obstacles,
thereby decreasing the potential function [15–18].

Conventionally, algorithms for obstacle avoidance have been
divided into path-planning algorithms and control algorithms. Path-
planning approaches compute a continuous path based on a world
model. They are generally computationally expensive, and their
ability to handle changing or unknown environments is limited [19].
In contrast, sensor-based control approaches, which detect and avoid
unknown obstacles during the execution of the motion, are able to
react to sudden changes in the environment. The drawback to these
methods is that they may be suboptimal because only local infor-
mation is used [20]. A complete solution exploits the benefits of both
methods by formulating the problem as a local path-planning pro-
blem. Local detours around sensed obstacles are generated while the
vehicle follows the perturbed planned path. Artificial potential fields
are widely used for generating these local detours. Potential field
methods (PFM) are an attractive approach due to the methods’
simplicity and efficiency in implementation [21]. PFM is introduced
in [19] for holonomic vehicles and extended in [15–18] for non-
holonomic vehicles.

The visual information collected by the camera is processed by an
estimator that provides the inputs to the obstacle-avoidance algo-
rithm. These inputs include estimation of the obstacle’s position and
size. These in turn command the direction of deformation and dura-
tion required for obstacle avoidance. An estimation of the obstacle’s
unknown position and size is obtained via a fast estimator with
quantifiable performance bounds [22,23]. The effect of the esti-
mator’s performance on the obstacle-avoidance scheme is presented.

II. Path Following and Obstacle Avoidance

Consider a nonholonomic system of dimension nwith kinematics
of the form

_x�t� � X0�x�t�� � X1�x�t��u1�t� � X2�x�t��u2�t�
� � � � � Xm�x�t��um�t� (1)

where x�t� 2 Rn is the state vector of the system, and u1�t�;
u2�t�; . . . ; um�t� are the kinematic control inputs of the system for
m< n. The vectors X1�x�t��; X2�x�t��; . . . ; Xm�x�t�� are the control
vector fields, and the kinematic control inputs �u1�t�; u2�t�; . . . ;
um�t�� are the elements of _x�t� in the basis �X1�x�t��; . . . ; Xm�x�t���
[24]. The vectorX0�x�t�� is denoted as the drift of the system and for
kinematic systems is equal to zero. For physical systems, such as the
mobile robot example in this paper, x�t� can represent a vector of the
position and orientation of the vehicle, and u1�t�; u2�t�; . . . ; um�t�
can represent the vehicle’s speed and rate of rotation.

For the purpose of path following, recall that a path is a curve
p: s! Rn, where s is the abscissa along the path. An admissible
path is a smooth curve in Rn defined over an interval �0; S� such that
there existm-dimensional smooth mappings u1�s�; u2�s�; . . . ; um�s�
defined over �0; S�, with [24]

d

ds
�p�s�� �

Xm
j�1

uj�s�Xj�p�s��; 8 s 2 �0; S� (2)

In this setup, the kinematic inputs u1�s�; . . . ; um�s� are the
coordinates of d

ds
�p�s��, which can beviewed as the velocity vector at

abscissa s along the current path p�s� in the basis �X1�p�s��;
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. . . ; Xm�p�s���. The simplified vehicle kinematic equations of a
mobile robot are

8<
:

_xI�t� � v�t� cos �t�
_yI�t� � v�t� sin �t�
_ �t� � r�t�

(3)

where v�t� is the speed of the vehicle, �t� is the yaw angle, and r�t�
is the vehicle’s rate of rotation. The coordinates xI�t� and yI�t� are
expressed in afixed inertial frame. A path following controller for the
kinematics in Eq. (3) with global convergence properties has been
presented in [12–14].

In the absence of obstacles, the vehicle follows the desired path,
denoted by p�s�. To account for obstacles, a collision criterion must
be introduced. The information required by the collision criterion is
the range to obstacles and the size of the obstacles. When the
collision criterion is violated, the vehicle veers from its original path
p�s� and follows a new path until it is deemed safe to revert back to its
original path. It is assumed that the vehicle can only detect obstacles
within a distance Rs to itself. For readability, the subscript s of Rs
denotes sensor range. At any time t, the vehicle’s visual sensors
detect l�t� 2 f0; 1; 2; . . .g obstacles. It is further assumed that each
obstacle has circular shape with unknown radius Li � Lmax, where
Lmax is a conservative upper bound. An additional “danger radius”
Rdi surrounds each obstacle and must be avoided to ensure the safety
of the vehicle. That is, Rdi � Li � d, where d is an a priori
specification.

Let �Pxi ; Pyi� be the location of the ith obstacle in the inertial
frame. Define the points

P1i�t��	�Pxi 	 xI�t�� sin �t�� �Pyi 	 yI�t��cos �t��Rdi�t�
P2i�t��	�Pxi 	 xI�t�� sin �t�� �Pyi 	 yI�t��cos �t� 	Rdi�t� (4)

and let zi�t� denote the measured distance from the vehicle to the ith
obstacle. The points P1i�t� and P2i�t� lie on a line that intersects
the location of the ith obstacle �Pxi ; Pyi� and is perpendicular to the
vehicle’s velocity vector [25]. Hence, P1i�t� and P2i�t� are the
extremities of the projected edge of the ith obstacle in the vehicle’s
body-fixed frame. The collision criterion is given as

If zi�t� � Rs and sign�P1i�t�� ≠ sign�P2i�t��
8 i 2 f1; 2; . . . ; l�t�g ! collision criterion violated (5)

The insight behind this collision criterion is that, if a line extending
from the vehicle’s velocity vector intersects with any obstacle
boundary, the vehiclewill collidewith the obstacle and the path must
be modified.

To compute a new path, we adopt a reactive obstacle-avoidance
method in [15–18] that deforms the original path on a kinematic level
in real time to move away from obstacles and ensures that the new
path is collision free. The main idea of this path deformation
algorithm is to iteratively deform a path p�s� by perturbing the
kinematic inputs uj�s� introduced in Eq. (2). In that respect, a
positively increasing parameter � 2 �0;�1� is introduced to index
these iterations. The original path p�s� then corresponds to the case
when � � 0 and is rewritten asp�s� � p�s; 0�. The path-deformation
process is modeled as a mapping from a subset of �0; S� 
 �0;�1� to
Rn composed entirely of admissible paths. That is, there exist m-
dimensional smooth mappings u1�s; ��; u2�s; ��; . . . ; um�s; ��
defined over �0; S� 
 �0;�1� such that

@

@s
�p�s; ��� �

Xm
j�1

uj�s; ��Xj�p�s; ���

8 �s; �� 2 �0; S� 
 �0;�1� (6)

Differentiating Eq. (6) with respect to �, we get

@2

@s@�
�p�s; ��� �

Xm
j�1

�
@uj
@�
�s; ��Xj�p�s; ���

� uj�s; ��
@Xj
@p
�p�s; ��� @p

@�
�s; ��

�
(7)

Let ��s; ��: �0; S� 
 �0;�1�7!Rm and ��s; ��: �0; S� 
 �0;�1�
7!Rn denote the input perturbations and the direction of
deformation, respectively,

��s; ��≜ @u

@�
�s; ��; ��s; ��≜ @p

@�
�s; �� (8)

where u≜ �u1; u2; . . . ; uk�>. The direction of deformation is shown
in Fig. 1.

Restrict ��s; �� to a finite dimensional subspace of C1 generated
by q linearly independent basis functions fb1�s�; b2�s�; . . . ; bq�s�g
as

��s; �� �
Xq
j�1

�j���bj�s� (9)

where the choice of appropriate parameters �j��� depends upon a
local potential field U�p�s; ��� and a global potential function that
sums up this potential field along the path

Y��� �
Z
S

0

U�p�s; ��� ds (10)

Given a potential field U�p�s; ���, an initial path p�s; 0�, and the
obstacle location, the path-deformation algorithm iterates with
respect to � until the potential function no longer decreases from
further iterations and all collisions with obstacles have been avoided.
The output is a new path p�s; ��.

To define the obstacle-avoidance path, a portion of the original
path p�s� is deformed in the direction that minimizes a given
potential function chosen to achieve the specific goal of obstacle
avoidance. One such choice of the potential function in Eq. (10)
can be

U�s; ���
Xl�s�
i�1
�i�s; ��

�i�s; ���

8<
:

1
�zi�s;���d0�

�zi�s;��
�d0�R̂d�t1��2

; if 0� �zi�s; �� � R̂d�t1�;

1

R̂d�t1��d0
� R̂d�t1�
�d0�R̂d�t1��2

; otherwise
(11)

where t1 is a time the collision criterion in Eq. (5) is violated, d0 � 1
is a constant, and

�z i�s; �� �
��������������������������������������������������������������������������������������
�px�s; �� 	 Pxi �t1��2 � �py�s; �� 	 Pyi �t1��2

q
(12)

The parameter R̂di�t�, to be presented in Sec. III, is used by the
vehicle as the estimate of Rdi and is related to the estimation of Li.

Fig. 1 The iterative path-deformation procedure. Obstacles impose

repellent forces on the path so that the direction of deformation of the

path ensures that an obstacle-avoidance potential function diminishes.
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Choosing the potential function this way yields higher values when
the vehicle is close to an obstacle and lower values when far away.

Remark 1: The definition of the potential field in Eq. (11) implies

that the path will deform until �zi�s; ��> R̂d�t1� for all s � 0. Indeed,

�zi�s; ��> R̂d�t1� everywhere implies that U�s; �� �U is a constant
for which the partial derivative with respect to the path equals zero.
Hence, the direction of deformation ��s; �� � 0 so that no further
updates will be made.

Remark 2: The original undeformed path may be computed based
on certain optimality criterion, and diverting away from this path
decreases the optimality of the path. It can be seen from Eq. (11) that

smaller values of R̂di �t� restrict the path’s deformation less far away
from the original path, whereas larger values increase the distance
between the vehicle and obstacles. Thus, there exists a tradeoff
between increasing the safetymargin for the vehicle and retaining the
desired characteristics of the original path.

III. Vision-Based Range Identification

The vision-based range identification problem is formulated in a
two-dimensional setting. Consider the two-dimensional scenario of a
vision-based range identification problem as shown in Fig. 2. It is
assumed that a conventional pinholemodel for the camera is used and
the camera is calibrated beforehand. Further, the obstacle is within
the vehicle’s sensor range and some image processing algorithms are
available to extract the bearing angle ��t� and the subtended angle
��t�. The objective is to estimate the relative range z�t� between the
vehicle and the obstacle using the visualmeasurements��t� and��t�,
as well as �t�, r�t�, and v�t�, which are available from the vehicle’s
onboard sensors. To estimate the relative range between the vehicle
and an obstacle, a fast-estimation scheme is used [22,23]. The effect
of the estimated parameters on the obstacle avoidance is also
discussed. This note also analyzes the system performance in the
presence of out-of-frame events, when continuous extraction of the
target’s information is not feasible due to failures in the image
processing module. The out-of-frame events are modeled as brief
instabilities [26–29].

A. Estimation for Obstacle Avoidance

Let �zx�t�; zy�t�� be the vector of relative distance between the
vehicle and the obstacle in the inertial frame so that z�t����������������������������
z2x�t� � z2y�t�

q
. The quantities zx�t�, zy�t�, ��t�, ��t�, and z�t� are

definedwith respect to the inertial frame. In the kinematic setting, the
relative dynamics are given by8>><

>>:
_zx�t� � _Px 	 _xI�t� � 	v�t� cos �t�
_zy�t� � _Py 	 _yI�t� � 	v�t� sin �t�
_ �t� � r�t�

(13)

The bearing angle ��t� and the subtended angle ��t� are

��t� �  �t� 	 tan	1
�
zy�t�
zx�t�

�
; ��t� � 2tan	1

�
L

z�t�

�
(14)

Note from the definition of ��t� that 0< ��t�< � for all t � 0. IfL is
known, z�t� can be computed from

z�t� � L

tan���t�=2� (15)

Thus, knowledge of z�t� is equivalent to knowledge ofLbecause��t�
is measurable. It follows fromEqs. (13) and (14) and the definition of
z�t� that

_zx�t� �
@zx
@�
�t� _��t� � @zx

@�
�t� _��t� � @zx

@ 
�t� _ �t� � 	v�t� cos �t�

_zy�t� �
@zy
@�
�t� _��t� �

@zy
@�
�t� _��t� �

@zy
@ 
�t� _ �t� � 	v�t� sin �t�

(16)

Solving Eq. (16) for _��t� and _��t�, we can have [23]

_��t�
_��t�

� �
� 	 f1�t�

f2�t�

� �
|����{z����}

!�t�

� 0

r�t�

� �
|��{z��}

�t�

(17)

where

f�t� �
f1�t�
f2�t�

" #
�

2v�t�sin2���t�
2
� cos��t�

v�t� tan���t�
2
� sin��t�

" #

	� 1

L
; !�t� �

!1�t�
!2�t�

" #
(18)

The estimation objective is to estimate the unknown parameter 	,
upon which Eq. (15) yields the value of ẑ�t�, which is the estimate of
the relative range between the vehicle and an obstacle.

A fast-estimation scheme is applied for the range identification
problem formulated in Sec. III. The fast estimator allows for fast
adaptation of the unknown parameter via a large adaptation gain and
low-pass filter [22,23]. Considering Eq. (17), the signal !�t� is
uniformly bounded and continuously differentiable with a uniformly
bounded derivative. That is, there exist positive constants �! and d!
such that

k!�t�k � �! <1 and k _!�t�k � d! <1; 8 t � 0 (19)

Let

x�t� � ���t�; ��t��>; x̂�t� � ��̂�t�; �̂�t��>

~x�t� � x̂�t� 	 x�t� (20)

An estimate of !�t�, denoted by !e�t� � �!e1�t�; !e2�t��>, can be
obtained via the following steps.

1) State Predictor:

_̂x�t� � Am ~x�t� � 
�t� � !̂�t�; x̂�0� � x0 (21)

where Am is a known Hurwitz matrix and !̂�t� are governed by the
following update law.

2) Update Law:

_̂!�t� � �c Proj �!̂�t�;	P ~x�t��; !̂�0� � !̂0 (22)

where �c 2 R� is the adaptation gain and P is the solution of
A>mP� PAm �	Q, Q> 0.

3) Application of Low-Pass Filter: The estimate of the unknown
signal is generated by

!e�s� � C�s�!̂�s�; !e�0� � !̂0 (23)

where C�s� is a diagonal matrix with its ith diagonal element Ci�s�
being a strictly proper stable transfer function with low-pass gain
Ci�0� � 1. One simple choice isFig. 2 Vision-based range identification.
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Ci�s� � c=�s� c�; c > 0 (24)

Knowledge of !e�t� implies that one can solve for 	̂�t�, the
estimate of 	, using the relationship

	̂�t� �

�����������������������������������
!e1 �t�2 � !e2 �t�2
f21�t� � f22�t�

s
(25)

4) Range Identification: The range between the vehicle and an
obstacle can be computed via

ẑ�t� � 	̂
	1�t�

tan���t�=2� (26)

Given an estimate for z�t� and the measurements for ��t� and  �t�,
Eqs. (4–12) are redefined by replacing the unknown position of the

obstacle �Px�t�; Py�t�� with its estimate �P̂x�t�; P̂y�t��, given by

�P̂x�t�; P̂y�t�� � �ẑ�t� cos� �t� 	 ��t��; ẑ�t� sin� �t� 	 ��t���
(27)

The fast estimator ensures that!e�t� estimates the unknown signal
!�t� with the following precision [22,23]:

k!e�t� 	 !�t�k1
� k!̂0 	 !0k1e	ct �k1	 C�s�kL1

k!kL1 �
�c������
�c
p|������������������������������������������{z������������������������������������������}

�1�t�

; 8 t � 0

(28)

where k � kL1 denotes theL1 norm of a signal, k � kL1
denotes theL1

norm of the system [30], and

�c � kC�s�H	1�s�kL1

����������������
!m

�min�P�

r

!m � 4�2
! � 4�!d!

�max�P�
�min�Q�

H�s� � �sI 	 Am�	1 (29)

where I denotes an identitymatrix of appropriate dimension. Further,
it was shown in [31] (Proposition 11, pp. 103–104) that if theHurwitz
matrix Am is a diagonal matrix of the form Am � diag�am1; am2�,
where am1, am2 are negative constants, then �c in Eq. (29) is
independent of c. Then, it follows from Eqs. (28) and (29) that the
bandwidth of C�s� and the adaptation gain �c are independent of
each other. Increasing the adaptation gain �c renders the term
�c=

������
�c
p

arbitrarily small. Notice that increasing the adaptation gain
�c requires faster computation and a smaller integration step.
Further, increasing the bandwidth of C�s� renders the term k1 	
C�s�kL1

arbitrarily small.
Remark 1: Notice that, if jv�t�j> 0 for all t � 0, the values of f1�t�

and f2�t� cannot both be equal to zero at any time instance. If
v�t� � 0, the estimation of 	 is irrelevant. Therefore, Eq. (25) is
always well defined. Because the vehicle is following a desired
trajectorywith a desired speed profile, the speed of the vehicle cannot
remain zero for all time and estimation will be achieved for any
nonzero velocity.

Remark 2: By replacing the original quantities �Px�t�; Py�t�� and
z�t� with their estimates and generating new portions of the path via
the obstacle-avoidance algorithm, the stability and convergence
properties of the path-following controller are not lost. The path-
following errors will be discontinuous whenever the path changes,
but the stability will hold independent of changes in the path as long
as the path itself is not discontinuous, which is guaranteed by
imposing the same boundary conditions.

Proper estimation of the danger radius R̂d�t� is essential to ensure
obstacle avoidance. Thevalue of R̂d�t� is related to the estimate of the

obstacle’s size L. For safety considerations, the estimate R̂d�t� must

assume larger values as compared with Rd. One could choose

R̂d�t� � Lmax � d, where Lmax is an upper bound on L and d is an

a priori specified constant, which would guarantee that R̂d�t� � Rd
for all � 0. However, this represents the worst-case scenario and
assumes the largest possible value for the obstacle. The new path
would lead the vehicle farther away from the obstacle than needed.

To reduce this additional cost, R̂d�t� � Rd can be derived using the
fast estimator that takes into account the obstacle’s estimated size,
resulting in a less conservative estimate for Rd. It follows from
Eq. (25) and the inequality in (28) that

k	̂�t� 	 	k1 �
���� 1

L̂�t�
	 1

L

����
1
� k!e�t� 	 !�t�k1���������������������������

f21�t� � f22�t�
p

� �1�t����������������������������
f21�t� � f22�t�

p|����������{z����������}
�2�t�

<1; 8 t � 0 (30)

Hence, kL̂�t� 	 Lk1 � L̂�t�L�2�t� � L2
max�2�t� for all t � 0. The

following proposition holds.
Proposition 1: In the application of the fast estimator, if the

estimate R̂d�t� of Rd is chosen as

R̂ d�t� � L̂�t� � d� L2
max�2�t� (31)

where �2�t� is the bounded term defined in inequality (30), then

R̂d�t� � Rd for all t � 0.
Proof:

R̂d�t� 	 Rd � L̂�t� � d� L2
max�2�t� 	 �L� d� � L̂�t� 	 L

� L2
max�2�t� � 	kL̂�t� 	 Lk1 � L2

max�2�t� � 0 (32)

□

Remark 3: It can be seen that, at t� 0, the estimate R̂d�t� is more

conservative than R̂d�t� � Lmax � d. However, the bandwidth of the
low-pass filter C�s� can be increased so that the first term in �1�t�
decreases exponentially as t!1. The additional terms that appear
in the application of the fast estimator can be made arbitrarily small

by increasing c and the adaptation gain�c so that the estimate R̂d�t� is
close to the estimated size of the obstacle L̂�t� and is less than
Lmax � d.

B. Estimation in the Presence of Out-of-Frame Events

In vision-based applications, target information obtained from
continuous extraction is often unavailable due to environmental
factors, limited field of view of the camera, or failure in the image-
processing module. These phenomena are commonly referred to as
out-of-frame events. Following [26–29], define the tracking loss as a
binary signal

s�t� :�
�
0 out-of-frame events at time t;
1 camera tracks the target at time t

(33)

Let Ts��; t� denote the amount of time in the interval ��; t� when
s�t� � 0. Formally,

Ts��; t� :�
Z
t

�

�1 	 s�t0�� dt0

We say that the image processing experiences brief target loss if
Ts��; t� � T0 � ��t	 ��, 8 t � � � 0, for some T0 � 0 and
� 2 �0; 1�. The scalar T0 is called the instability bound and � is
called the asymptotic instability ratio (p. 891 of [26]).

When the target is out of frame, we do not have the measurement
for ��t� and ��t�. In this case, the path-deformation algorithm uses
the latest available estimate !̂�t� for the unknown parameters,

treating it as constant. That is, referring to Eq. (22), we let _̂!�t� � 0
when s�t� � 0. The state estimator and the update law in the presence
of target loss become the following.
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1) State Predictor:

_̂x�t� � s�t�Am ~x�t� � 
�t� � !̂�t� (34)

where s�t� is defined in Eq. (33). Notice that, when the visual
measurements become available at time instant ti, the initial state of
x̂�ti� is then set as x̂�ti� � x�ti�.

2) Update Law:

_̂!�t� � �c Proj �!̂�t�;	s�t�P ~x�t�� (35)

Equations (23–26) remain the same.
The performance of the fast estimator in the presence of out-of-

frame events is analyzed. Consider two subsystems. One subsystem
corresponds to the case in which the visual measurements are
available, referred to as G1 hereafter, for s�t� � 1. The other sub-
system corresponds to the case of the out-of-frame events for
s�t� � 0. To quantify the performance bound of the fast estimator, an
intermediate signal !r�t� is introduced as

!r�s� � C�s�!�s�; !r�0� � !̂0 (36)

It was shown in [22] that k!r�t� 	 !�t�k1 � k!̂0 	 !0k1e	ct�
k1 	 C�s�kL1

k!kL1 . Then,

k!e�t� 	 !�t�k1 � k!e�t� 	 !r�t�k1
� k!r�t� 	 !�t�k1 � k!e�t� 	 !r�t�k1
� k!̂0 	 !0k1e	ct � k1 	 C�s�kL1

k!kL1 (37)

It remains to derive the performance bound k!e�t� 	 !r�t�k1.
Considering subsystem G1, it follows from Eqs. (23) and (36) that

_! e�t� � 	c!e�t� � c!̂�t�; _!r�t� � 	c!r�t� � c!�t� (38)

Thus,

_! e�t� 	 _!r�t� � 	c�!e�t� 	 !r�t�� � c�!̂�t� 	 !�t�� (39)

Further, it was shown in [22] that k!e�t� 	 !r�t�k1 � �c=
������
�c
p

,
where �c and �c are given in Eq. (29). With the following candidate
Lyapunov function

V�t� � �!e�t� 	 !r�t��
>�!e�t� 	 !r�t��
2

(40)

one can have

_V�t� � �!e�t� 	 !r�t��>� _!e�t� 	 _!r�t��
� �!e�t� 	 !r�t��>�	c�!e�t� 	 !r�t�� � c�!̂�t� 	 !�t���
� 	2cV�t� � c�!e�t� 	 !r�t��>�!̂�t� 	 !�t��
� 	�1V�t� � �1 (41a)

with

�1 � 2c; �1 � 2c�!�c=
������
�c

p
(41b)

where k!̂�t� 	 !�t�k � 2�! is ensured by the projection-type
operator. Next, considering subsystemG2, it can be verified that there
exists a positive constantMd such that k _!e�t� 	 _!r�t�k � Md. Using
the same Lyapunov function in Eq. (40), one can obtain

_V�t� � �!e�t� 	 !r�t��>� _!e�t� 	 _!r�t�� � V�t� �M2
d=2 (42)

Therefore,

_V�t� � �2V�t� � �2 (43a)

with

�2 � 1; �2 �M2
d=2 (43b)

Combining inequalities (41) and (43) leads to

_V�t� �
�	�1V�t� � �1 �	��1 	 �1

V�t��V�t�; subsystem G1

�2V�t� � �2 � ��2 � �2
V�t��V�t�; subsystemG2

(44)

Let

Vb �
�1
�1
� 
b

where 
b > 0 is a small positive constant. If V�t�> Vb,

_V�t� �
�
	�0V�t�; �0 � �1 	 �1=Vb; subsystem G1

�V�t�; �� �2 � �2=Vb; subsystem G2

(45)

Similar to the derivations of Theorem 3 in [28], the following
theorem establishes the stability of the switched system consisting of
the two subsystems G1 and G2. Please see the Appendix for the
derivations.

Theorem 1: Assume that the switched system consisting of
Eqs. (41) and (43) has brief instability with an instability bound T0
and an asymptotic instability ratio � that satisfy

� < �
 � �0=��0 � �� (46a)

T0 < log�V�=Vb�=��0 � �� (46b)

where

Vb � ��1=�1� � 
b (47)

subject to

0< 
b < V� 	 �1=�1 (48)

withV� � 4�2
!. Then, the switched system consisting of subsystems

G1 and G2 is uniformly ultimately bounded with the ultimate bound
given by e��0���T0Vb for every initial value inside the region of
attraction given by �� f!e�0� 	 !r�0�: k!e�0� 	 !r�0�k< 2�!g.

It follows fromTheorem 1 and inequality (37) that, in the presence
of out-of-frame events, the fast estimator estimates the unknown
signal !�t� with the following precision:

k!e�t� 	 !�t�k1 �
�����������������������
e��0���T0Vb

q
� k!̂0 	 !0k1e	ct

� k1 	 C�s�kL1
k!kL1 ≜ �1�t�; 8 t � 0 (49)

Let

�� 2�t� �
��1�t����������������������������

f21�t� � f22�t�
p (50)

The analysis through Eqs. (30–32) can be repeated for the case with
the target loss by replacing �1�t� and �2�t� with ��1�t� and ��2�t�,
respectively.

IV. Simulation Results

Path following with vision-based obstacle avoidance is
implemented in MATLAB®. The desired path is computed using
twofifth-order polynomial curves. There are two isolated obstacles at
P1 � �8; 1� and P2 � �20; 2:5� with L1 � 1 and L2 � 2:5. For path
deformation, d0 � 0:001. The sensor radius is chosen to be Rs � 5
and d� 1. Fast-estimator parameters are Lmin � 0:5, Lmax � 2,
!̂�0� � �0:008; 0:008�>,Am �	5 
 I2,Q� 2 
 I2,�c � 7500, and
c� 50. All quantities conform to a given unit system, for instance,
meter, meter per second, etc.

Simulation results are presented in Fig. 3, in which the visual
measurements are corrupted by 1% uniform noise and the out-of-
frame signal is of 10%of every 2 s interval. It can be seen fromFig. 3a
that the path diverts from its original path, avoids the obstacle, and
reverts back to the original pathwhen the vehicle is outside the sensor
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rangeRs. Figure 3b shows the path-following errors, where xe�t� and
ye�t� denote the x and y coordinates of the path-following errors
between the vehicle and a virtual vehicle, and ve�t� is the error
between v�t� and a desired velocity profile [23]. Discontinuities
occur in four places: when the path changes to avoid each obstacle
andwhen the path reverts back to the original path after each obstacle
has been avoided. Figure 3c shows an estimation of the obstacles’
unknown sizes via fast estimator, for which the obstacles’ sizes are
kept “frozen” during target loss. Figure 3d shows the corresponding
out-of-frame signal s�t�.

V. Conclusions

This paper considers path deformation for static obstacle
avoidance and vision-based estimation for a mobile robot equipped
with a single camera. A fast-estimation scheme that achieves fast
convergence speed with quantifiable bounds is applied to solve the
range identification problem. The paper also analyzes the perfor-
mance degradation of the fast estimator in the presence of out-of-
frame events,modeled as brief instabilities. A sufficient condition for
the switching signal is derived that guarantees graceful degradation
of estimation performance during target loss.

Appendix: Proof of Theorem 1

First, notice that �1=�1 < V�, so that the choice of 
b in inequality
(48) is valid. It follows from Eqs. (47) and (48) that Vb < V�; as a
result, the right-hand side of inequality (46b) is greater than zero so
that Eq. (46b) is valid. Second, it will be shown by contradiction that
the trajectory of the switched system remains inside the region of
attraction �. Then, the corresponding ultimate bound is quantified.

Because V�0� 2 � and V�t� is piecewise continuous along the
trajectory of the switched system consisting ofG1 andG2, ifV�t� does
not remain inside � for all t � 0, there exists �u > 0 such that

V�t� � V�; t 2 �0; �u� (A1a)

V��u� � V� (A1b)

Therefore, for the Vb in Eq. (47) subject to inequality (48), we have

V�t� � e	�0�t	�	Tp���TpV��� � e	�0�t	�����0����T0���t	���V���
� e��0���T0	��0	���0�����t	��V��� � e��0���T0	��t	��V��� (A2)

where

�� �0 	 ���0 � �� (A3)

It is clear that the assumption (46a) ensures that � > 0. Next, it is
shown that V�t� is upper bounded by e��0���T0Vb over �0; �u�.

From Eq. (A2), for any V��� � Vb, V�t� � e��0���T0	��t	��V���,
for � � t � �u. Suppose that, at time instant t1 2 ��; �u�, V�t1� �
e��0���T0	��t1	��V��� � e��0���T0Vb. Then, for any � � t1 � t2 � �u,

V�t2� � e��0���T0	��t2	��V��� � e��0���T0	��t1	��V���e	��t2	t1�

� e��0���T0Vbe	��t2	t1� � e��0���T0Vb (A4)

Hence, if V��� � Vb for any � 2 �0; �u�, then V�t� is ultimately upper
bounded by e��0���T0Vb for t 2 ��; �u�. In summary, V�t� �
e��0���T0Vb, for t 2 �0; �u�. Because the relationships in inequalities
(46b) and (48) ensure that e��0���T0Vb < V�, then
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Fig. 3 Path following with vision-based obstacle avoidance in the presence of measurement noise and out-of-frame events.
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V�t� � e��0���T0Vb < V�; 8 t 2 �0; �u� (A5)

which contradicts Eq. (A1b). Therefore, the trajectory of the
switched system remains inside �. Therefore, V�t� 2 �, 8 t � 0.
Hence, inequalities (A2–A5) hold for all t � 0 and the switched
system is uniformly ultimately bounded by e��0���T0Vb over�. This
completes the proof. □
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